be an extension of T to all of X (i.e., u i ∈ X * ) such that T has minimal (operator) norm. In this paper we show in particular that, in the case n = 2 and the field is R, there exists a rank-nT such that T = T for all X if and only if the unit ball of V is either not smooth or not strictly convex. In this case we show, furthermore, that, for some T = T , there exists a choice of basis v = v 1 , v 2 such that u i = ũ i , i = 1, 2; i.e., each u i is a Hahn-Banach extension ofũ i .
Introduction
Let X be a Banach space and V be a subspace of X. If T is an operator from X into V , then T |V is the restriction of T onto V . LetT In this paper we are concerned with the existence of non-trivial Hahn-Banach operators on a Banach space V . In particular we show (Theorem 2.2) that the two-dimensional real Banach space V possesses a rank-two Hahn-Banach operator if and only if V is either non-smooth or not strictly convex.
For the proof of the theorem we will need a number of definitions.
Let X be a Banach space and V be a finite-dimensional subspace. Let T be a bounded linear operator from X into V and letT be the restriction of T onto V . (T = T |V .)
Definition 1.2. T is a minimal norm extension ofT means
where B denotes the unit ball and T * * denotes the second adjoint extension of T (T * * x * * = n i=1 u i , x * * v i and T * * = T ). Note 1.1. In the following we will designate by x * ⊗ x * * : X → X * * the usual dyad operator given by x * ⊗ x * * (x) = x, x * x * * .
Theorem 1.1 ([2]). T is a minimal norm extension ofT if and only if there exists a probability measure µ on E(T ) such that the operator
It is well known that the n-dimensional real space V is smooth if and only if the unit sphere S(V ) is differentiable (has a unique (n − 1)-dimensional tangent plane) at every point. This fact follows immediately from a := a · v and the formula (see e.g. [1] )
and the Implicit Function Theorem. A point where S(V ) is non-differentiable is called a point of non-smoothness.
is a minimal extension ofT and the operator T * is an extension ofT
and v to be zero on ∆T , and enlarge u/ T to be the coordinate functions on ∆T . Then let T andT be replaced by their corresponding enlargements, recall that V * is isometric to the space of coordinate functions of S(V ) regarded as a subspace of L ∞ (S(V )), and note that T * | V * =T * .
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Hence the dyad operator E T = x * ⊗ v satisfies the conclusion of Theorem 1.1.
Thus T attains its norm on V and
The following theorem shows that, if n > 1 and the field is R, a smooth, strictly convex, n-dimensional L 1 -subspace V possesses no rank-n Hahn-Banach operator. In fact it shows more, namely, that V possesses no rank-k operator which extends to L 1 of the same norm, k > 1.
ThenT is a rank-one operator.
Proof. By Lemma 2.1, corresponding to T = n i=1 u i ⊗ v i , there exists a rank-one operator E T satisfying the conclusion of the lemma. Hence the matrix M defined as the matrix of (E T ) |V , with respect to the basis v, has rank one.
Since V is smooth there exists a minimal extension T ofT satisfying the conditions of Theorem 1.2. But M has rank one, whence the vectors M v(t) lie on the same one-dimensional subspace of R n for almost all t ∈ [−1, 1].
Since V is strictly convex, the vectors u(t) also lie in the same one-dimensional subspace of R n for almost all t ∈ [−1, 1]. Hence the operator T given by Theorem 1.2 has rank one and thus so doesT . Proof. It is well known (see [5] ) that (n) 2 can be realized as a subspace of L 1 . Theorem 2.2. Let V be a two-dimensional real Banach space. Then the following are equivalent:
(1) V is smooth and strictly convex.
(2) For every rank-two operator
Proof. (1) implies (2) by Theorem 2.1 since every two-dimensional space V can be isometrically imbedded into L 1 [−1, 1] (see e.g. [6] ).
We now show (2) implies (1) . Suppose that V with unit sphere S(V ) ⊂ R 2 is not strictly convex. Then (via a linear transformation) we can assume that S(V ) lies inside the unit square C, touches C on all four sides, and has a flat spot running from (1, d) Now consider the linear transformationT (a 1 , a 2 ) := (a 1 , da 2 ) taking C into P . ThusT (S(V )) lies inside P , which lies inside S(V ), and, sinceT (1, 0) = (1, 0) ∈ S(V ) ∩T (S(V )), we see thatT : V → V has norm one. Note that we can also writẽ T in the formT
Next let φ i be a Hahn-Banach extension to X of the functionalφ i on V , i = 1, 2. Then the extension operator T : X → V has the form
Finally, since T (S(X)) ⊂T (coC) = coP ⊂ coS(V ) = B(V ), we see that T ≤ 1 and hence, since T ≥ T = 1, it follows that T = T .
Furthermore, suppose that V is strictly convex but not smooth. Then, as is well known, V * is smooth but not strictly convex, and the above argument shows that V * possesses a rank-two Hahn-Banach operator. But then, by Corollary 1.1
(1 = T * = T * = T = T and e(T ) = e(T ; L ∞ )), V also possesses a rank-two Hahn-Banach operator.
Corollary 2.2.
If the unit ball of the 2-dimensional real space V is either not smooth or not strictly convex, then V possesses a basis v 1 , v 2 and a rank-2 Hahn- 1, 2, i.e., each u i is a Hahn-Banach extension ofũ i . A reasonable conjecture is that this phenomenon holds for every rank-2 Hahn-Banach operator on V . Note 2.1. In [3] it is shown in particular that, for each real non-singular 2 × 2 real matrix A not equal to a scalar multiple of the identity I, there exists a real
∞ which possesses a Hahn-Banach operatorT such thatT v = A v. Theorem 2.2 explains why any such space must be either non-smooth or non-strictly convex. Indeed all the spaces provided in [3] are hexagonal spaces.
Note, furthermore, that the rectangle P in the proof of Theorem 2.2 can be replaced by any parallelogram (symmetric with respect to the origin) contained inside S(V ) and intersecting the flat sides of S(V ). In this way we see that V possesses an entire family of two-dimensional Hahn-Banach operators of norm-1 (T p = p for some p ∈ S(V ) ∩T (S(V )) of the form
all of which have two real eigenvalues (1 and e, where |e| ≤ 1). In [4] we show that, if the spectrum ofT = I lies on the unit circle, then the Hahn-Banach operatorT has norm > 1. For every two-dimensional subspace V of p (p ∈ (1, ∞) ) and for every rank-two operatorT : V → V we have e(T ) > T .
2 . Then Theorem 1.2 yields that the minimal extension 
